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From a Parametrized Post-Newtonian (PPN) [46–51] perspective, we address the question of
whether or not the new degrees of freedom, represented by the PPN potentials, can lead to significant
modifications in the dynamics of galaxies in the direction of rendering dark matter obsolete. Here,
we focus on the study of rotation curves associated with spherically symmetric configurations.
The values for the post-Newtonian parameters, which help us to classify the different metric theo-
ries of gravity, are tightly constrained mainly by solar system experiments [47, 48]. Such restrictions
renders the modifications of gravitational effects, with respect to General Relativity (GR), to be
insignificant, making attempts to find alternative metrical theories rather fruitless. However, in
recent years, metric theories characterized by screening mechanisms [4, 10, 22, 25] have become
popular, due to the fact that they lead to the possibility of modifications in larger scales than the
solar system while retaining the success of GR on it, allowing for violations of the constraints of the
Post-Newtonian parameters.
In such a context, we consider here two kinds of solutions for field equations: (i) Vacuum solutions
(i.e. when no matter fields are present) and (ii) fields in the presence of a politropic distribution of
matter. For the case (i) we find that the post-Newtonian corrections do not lead to modifications
significant enough to be considered an alternative to the dark matter hypothesis. In the case (ii)
we find that for a wide range of values for the PPN parameters γ, β, ξ, α3, ζ1 and ζ2, the need
for dark matter is unavoidable, in order to find flat rotation curves. It is only for theories in which
ζ3 > 0 that some resemblance of flat rotation curves is found. The latter suggests, at least for the
models considered, that these are the only theories capable of replacing dark matter as a possible
explanation for the dynamics of galaxies.
PACS numbers: 04.20.-q, 95.30.Sf, 98.20.-d
I. INTRODUCTION
The success of the Theory of General Relativity (TGR)
lies both in its conceptual beauty and in the fact of ad-
justing satisfactorily to a considerable amount of obser-
vations. In fact, it is widely known that TGR has among
the best comparison with experiment of modern science.
In the solar system, mediated by the Parametrized Post-
Newtonian formalism (PPN), it agrees significantly with
observations [46–51], and, in more recent years, it has
been shown to be in agreement with gravitational radi-
ation experiments, as measured by Ligo [27]. However,
despite the great success of TGR, there are still big ques-
tions to be solved as, for example: Is General Relativity
valid in galactic scales?
Vera rubin et al. introduced the idea, via galactic ro-
tation curves, that visible matter is insufficient to ex-
plain the internal dynamics of a number of galaxies [8, 9].
This is known as the “missing mass problem”, the cen-
tral evidence that some form of dark matter must exist in
galaxies. Some other indirect evidences such as the sta-
bility of galaxies, galaxy cluster dynamics, cosmological
structure formation and cosmic microwave background
anisotropies all point out to the existence of such dark
component [1, 7, 26, 45],
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However, no direct evidence about the existence of
dark matter is known to this day [15–18]. This fact,
on the other hand, motivates the searching for differ-
ent explanations to the missing mass problem, as the
formulation of alternative theories of gravity capable of
making obsolete the dark matter hypothesis. In the lit-
erature there are several proposals for modifying gravity,
most with the intent of explaining the phenomenology of
cosmological regimes, mainly the accelerated expansion
(see for example [4, 12, 48]). There exist theories with
some success as alternatives to dark matter at galactic
scales. Perhaps the most notorious is Mond (Modified
Newton Dynamics)[28–30, 32, 33, 35], which proposes
that the gravitational force behaves differently below a
fundamental acceleration. But as successful as it is at
explaining the rotation curves of various galaxies and the
Tully-Fisher relation [24, 41, 43, 44], recent developments
have made this interesting possibility highly unlikely [2].
Changing the foundations of a fundamental theory
such as gravity is no easy feat. The vast space of possi-
ble competing theories makes treating this problem, case
by case, an unsurmountable task. A more economic way
is to have on hand a formalism containing, as partic-
ular cases, a large amount of theories. Based on this
idea, several general schemes have been constructed, and
the Parameterized Post-Newtonian (PPN) formalism , by
Will et al [46–51], is probably the most used. It general-
izes the Post-Newtonian expansion for metrical theories
of gravity by the introduction of 10 parameters (i.e. the
so called post-Newtonian parameters) which help us to
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2differentiate between the competing theories. In the last
decades, highly precise experiments in the solar system
have lead to ever increasingly smaller bounds for the PPN
parameters (some being at most 10−20 [48]), leading to
discard most alternative theories.
However, recent developments suggest that this may
not be the final word for a number of alternative met-
rical theories. The existence of screening mechanisms
(SM) allows these theories to pass experiments in solar
scales without maiming its deviations from General Rela-
tivity at larger scales [4, 10, 22, 25]. These theories, with
some SM, cannot be perturbatelly expanded from infin-
ity all the way to the Schwarzschild radius [10], a basic
tenet of the classical perturbation theory (and, therefore,
of the PPN approach). This fact leads to different pre-
dictions at solar system scales, than the ones by the PPN
formalism. The reason for this is that the failures of the
perturbative expansion only happen within a screening
radius rV [10], outside of which the classical perturba-
tion theory becomes applicable. Therefore, in accordance
with [10], at least as long we are far from rV , the linear
theory should be the PPN approach.
Not all theories with some SM can be used to jus-
tify modifications at the astrophysical scale. Take for in-
stance the cubic galileon [10], which predicts the screen-
ing for all scales smaller than galaxy clusters, there-
fore excluding astrophysical modifications. On the other
hand, the problem on the existence of SMs that allows
modifications at the astrophysical scale, is a question ad-
dressed by [14, 40], showing that some SM mimic the
effects of dark matter in galaxy clusters and in our own
galaxy.
In this paper we assume the existence of some SM ca-
pable of hiding the modifications to TGR in some scale
(say, of the order of the solar system), but keeping the
modifications to TGR at the scale of galaxies or galaxy
clusters (i.e. the existence of a theory decoupling solar
system from astrophysical scales). As long as the analysis
is restricted to outside and far from rV , the perturbative
expansion should be the PPN scheme[10]. In the face of
such prerogative it is pertinent to raise some questions:
what are the corrections to the rotation curves that arise
as consequences of the PPN potentials? Are these cor-
rections enough to explain the missing mass problem in
galaxies?
For the sake of simplicity, one can start to address this
problem by obtaining the PPN potentials generated by
static configurations with spherical symmetry, in order
to obtain an expression for the corresponding circular
velocity, as done in section IV. There we will find that the
existence of circular motion (and, therefore, the existence
of rotation curves) depends strongly of the vanishing of
two PPN parameters. In particular, it is required that
α1 = α2 = 0. In the same section we also study the
behavior of circular velocity outside a sphere with finite
radius, finding that no choice of the PPN parameters
can lead to the flattening of the rotation curves. Away
from the spherical distribution, rotation curves exhibit
the usual Keplerian fall off.
In section V we analyze the behavior of circular ve-
locity inside static spherical distributions, focusing on
the case of the so-called polytropes, one of the sim-
plest models with some relevance in galactic dynam-
ics. To construct polytropic models in the PPN ap-
proximation we use the “f to ρ” approach of galactic
dynamics[11, 38, 39], in which the matter distribution
(given by mass density, ρ, in Newtonian gravity) is ob-
tained from a known distribution function f . In the
framework of metrical theories, and thereof the PPN
scheme, we assume that the distribution function (DF)
satisfies a generalized version of the collisionless Boltz-
mann equation (CBE) [53], also called the Vlasov equa-
tion. This assumption is valid whenever the system in
study is sufficiently smooth and encounters can be disre-
garded, as in the case of galaxies [11]. Then, as a first
step we will derive a version of the CBE that accounts
for the first PPN corrections, in a similar fashion as in
[38], focusing on stationary solutions. To construct the
Polytropes, by extension, we will provide an ergodic DF
(i.e. depending on energy) with the same form as in the
Newtonian case, determining all the corresponding mat-
ter fields.
In section V A we show that, for polytropic models,
only one of the PPN parameters (ζ3 > 0) can effectively
lead to flattened rotation curves within a certain radius
(r˜ < 10). Outside such region, the usual Keplerian fall off
is still observed, even for the most exotic theories. Ev-
erything seems to indicate that, in static spherical dis-
tributions, the modifications encompassed by the PPN
scheme are not enough to explain the flatness of rotation
curves without the introduction of additional matter.
The rest of the paper is organized as follows. In Sec.
II we present a brief overview of the PPN formalism,
pointing out it’s most notable features. In Subsec. II A
we introduce the material content we will consider in the
modeling. In Sec. III we finally specialize to the statical
spherically symmetric case presenting the field equations.
In Sec. V A we construct the polytropic models and their
respective rotations curves for various theories.
Throughout the paper, we will regard Latin indices to
run from 1 to 3, i.e. i = {1, 2, 3}, and Greek indices to
run from 0 to 3, i.e. µ = {0, 1, 2, 3}. We will also use,
whenever suited, the notation ∂f/∂x = f,x. Terms of
different orders of c will carry an indice as follows,
n
A ≡ nA ∼ c−n,
this means, nA is of the order of c−n.
II. THE PPN FORMALISM
There is a well known approximation scheme for gen-
eral relativity when we consider weak fields and slow
moving matter, known as the post-Newtonian approxi-
mation. In the context of alternative metric theories of
3gravity there is a general formalism developed by Will
and Nordtvedt [46–51], known as the Parametrized Post-
Newtonian (PPN) approximation, that find a similar ap-
proximation scheme, but introducing parameters that are
different for each theory.
In this formalism the metric is determined by perturba-
tions of a flat background in terms of a parameter  1,
such that
 ∼ v2/c2 ∼ GM/rc2 ∼ p/ρc2,
where v, M , r, p and ρ are the characteristic velocity,
mass, length (or separation), pressure and density in the
system, and G is the (Newtonian) gravitational constant.
At first approximation, the metric can be written as [47]
g00 = −1 + 2U
c2
+
W
c4
+O
(
c−6
)
, (1)
g0j =
Qj
c3
+O
(
c−5
)
, (2)
gjk =
(
1 +
2γU
c2
)
δjk +O
(
c−4
)
, (3)
where U reduces to the Newtonian potential in the limit
c→∞ and functionsW, Qj are defined in terms of post-
Newtonian potentials Ψ , X, Uj (j = 1, 2, 3), φk (k =
1, ..., 6), φw, Φ
PF, ΦPFj , as
W ≡ 2 (Ψ − βU2)+ ΦPF, (4)
Qj ≡ −
[
2 (1 + γ) +
α1
2
]
Uj
−1
2
[1 + α2 − ζ1 + 2ξ]X,tj + ΦPFj , (5)
Ψ =
1
2
(2γ + 1 + α3 + ζ1 − 2ξ)φ1
− (2β − 1− ζ2 − ξ)φ2
+ (1 + ζ3)φ3 + (3γ + 3ζ4 − 2ξ)φ4
−1
2
(ζ1 − 2ξ)φ6 − ξφw, (6)
and γ, β, ξ, α1, α2, α3, ζ1, ζ2, ζ3, ζ4 are the post-
Newtonian parameters.
Usually, in the PPN scheme the material content is
assumed to be a perfect fluid described by an energy
momentum tensor of the form [47]
c−2T 00 = ρ∗
{
1 +
1
c2
[
1
2
u2 − (3γ − 2)U +Π
]}
, (7)
c−1T 0j = ρ∗uj
{
1 +
1
c2
[
1
2
u2 − (3γ − 2)U +Π + p
ρ∗
]}
,
(8)
T ij = ρ∗uiuj
{
1 +
1
c2
[
1
2
u2 − (3γ − 2)U +Π + p
ρ∗
]}
+ p
(
1− 2γU
c2
)
δij , (9)
where p is the pression field, uk is the velocity field, Π =
ε/ρ∗ (ε is the internal energy) and ρ∗ is the conserved
density, which is related to the proper mass density ρ
through the relation
ρ =
[
1− 1
c2
(
1
2
u2 + 3γU
)]
ρ∗.
Such an assumption implies that potentials U , φ1, φ2,
φ3, φ4, φ6, X, U
j and φw are determined by the field
equations,
∇2 {U, φ1, φ2, φ3, U j} = −4piGρ∗ {1, u2, U,Π, uj} (10)
∇2φ4 = −4piGp, ∇2X = 2U (11)
∇4 (φ6 − 3φ1) = −2G
(
ρ∗uiuj
)
,ij
(12)
∇2 (φw + 2U2 − 3φ2) = −2X,ijU,ij , (13)
whereas the preferred-frame potentials, ΦPF and ΦPFj ,
can be written in terms of the velocity of the PPN co-
ordinate frame relative to an (hypotetical) universal pre-
ferred frame, denoted by wj :
ΦPF = (α3 − α1)w2U + α2wjwkX,kj
+ (2α3 − α1)wjUj , (14)
ΦPFj = −
1
2
α1wjU + α2w
kX,kj . (15)
All of the above fields are defined in a 3-dimensional
Euclidean space and, in particular, equations (12)-(15)
are stated in (Quasi-) Cartesian coordinates [34, 47].
Later on, when we address situations involving spheri-
cal symmetry, it will be useful to represent the previous
equations in non-Cartesian coordinates. As long as the
coordinate transformation does not involve time or ve-
locities (changes of reference frame), we can regard it
as a diffeomorphism in Euclidean space which does not
require to consider the PPN metric (1)-(3). For this rea-
son it is not difficult to find the covariant form of rela-
tions (12)-(15), by switching every common derivative by
a covariant derivative and by introducing the Euclidean
metric γab at every inner product:
∇2 (φw + 2U2 − 3φ2) = −2γadγbeX;ab U;de , (16)
ΦPF = (α3 − α1)w2U + α2wjwkX;kj
+ (2α3 − α1)wjUj , (17)
ΦPFj = −
1
2
α1wjU + α2w
kX;kj , (18)
4∇4 (φ6 − 3φ1) = −2G
Υ
(
Υρ∗uiuj
)
,ij
− 2G
Υ
(
Υ
{
j
ik
}
ρ∗uiuk
)
,j
, (19)
where Υ =
√
det (γij) and
X;ab ≡ X,ab − { cab}Xc , (20)
{ cab} ≡
1
2
γcµ (γaµ,b + γbµ,a − γab,µ) (21)
On the other hand, the equations of motion for a free-
falling test particle, can be written in terms of the fields
appearing in the above expressions:
dvi
dt
+
{
i
jk
}
vjvk = γik
{
U,k +
1
c2
[
1
2
W,k −Qk,t
− 2γUU,k − (Qk,j −Qj,k) vj − (2γ + 1) vkU,t
− 2 (γ + 1)U,jvjvk + γU,kv2
]}
. (22)
By choosing the material fields ρ∗, ρ∗Π, P , ρ∗u2, ρ∗ui
and ρ∗uiuj it should be possible, in principle, to solve
(10), (11) and (16)-(19) and, in consequence, determine
the test particle motion through equations (22).
A. Statistical description of collisionless systems
The study of huge astrophysical ensembles such as
globular clusters, galaxies and galaxy clusters, is simpli-
fied by adopting a statistical description and introducing
some assumptions about the configurations: (i) the par-
ticles of the system have the same mass; (ii) collisions
or encounters between particles are insignificant; (iii) the
gravitational fields are all regarded to be smooth and
continuous throughout space. Thus the system can be
described entirely by a probability density or distribution
function (DF), that represents the number density of par-
ticles of a point
(
xi, V i
)
in the phase-space (here V i rep-
resents the four-velocity). Assumptions (i) and (ii) lead
us to consider that the DF, denoted here by f
(
xi, V i
)
,
satisfy the general-relativistic Vlasov equation,
V µ
∂f
∂xµ
− Γ iµνV µV ν
∂f
∂V i
= 0. (23)
In order to find equation (23) to PPN order we follow a
similar procedure as in [38], which take into account the
map
(
xµ, V i
)→ (xµ, vi (xµ, V i)) and perform an expan-
sion of the left hand side of (23) to post-Newtonian order.
After some calculations, we find the Vlasov equation in
the PPN approach (see Appendix B):[
1 +
U
c2
+
v2
2c2
](
∂f
∂t
+ vi
∂f
∂xi
)
+ U,i
∂f
∂vi
− ∂f
∂vi
vi
c2
U,t (1 + 2γ)− ∂f
∂vi
vivj
c2
U,j (2 + 2γ)
− ∂f
∂vi
{
−1
2
W,i
c2
+
Qi,t
c2
+
2γ − 1
c2
UU,i
}
− [Qj,l −Ql,j ] v
l
c2
∂f
∂vj
+
(
γ +
1
2
)
U,j
v2
c2
∂f
∂vj
= 0. (24)
From (24) one can prove that
df
dt
= 0,
which means that any stationary solution of equation
(24) must be a function only of the integrals of motion of
the system and vice versa: any function of the integrals
of motion is a solution of (24).
From the DF we can build its moments, being the most
relevant ones, for this work, the components of the stress-
energy tensor [52]:
Tµν = c
∫
V µV ν
−V0 f
√−gd3V.
Since we want the above expression in PPN ap-
proximation, we again consider the map
(
xµ, V i
) →(
xµ, vi
(
xµ, V i
))
and the expansion
f =
0
f +
2
f + ...,
which lead us to the following relations:
c−2T 00 =
∫
0
fd3v +
∫ (K
c2
0
f +
2
f
)
d3v, (25)
c−1T 0k =
∫
vk
0
fd3v +
∫
vk
(K
c2
0
f +
2
f
)
d3v, (26)
T kj =
∫
vkvj
0
fd3v +
∫
vkvj
(K
c2
0
f +
2
f
)
d3v, (27)
where
K = U (3γ + 5) + 3v2.
Comparing (25)-(27) with (7)-(9) we can, at least in prin-
ciple, find all the matter fields (ρ∗, ρ∗Π, P , ρ∗u2, ρ∗ui
and ρ∗uiuj) of equations (10)-(19), once we know f .
III. PPN POTENTIALS FOR STATIC
CONFIGURATIONS WITH SPHERICAL
SYMMETRY
When we are dealing with static spherically symmet-
ric systems, several assumptions are needed. First we re-
quire matter to be static, i.e. with a velocity field ui = 0
5or, in other words, with a DF such that T 0k = 0. This
means that equations (7)-(9) are simplified:
c−2T 00 = ρ∗
{
1 +
1
c2
[Π − (3γ − 2)U ]
}
,
c−1T 0j = 0,
2T ij = Pδij .
By comparing the previous equations with (25)-(27), we
find the expression of the matter fields as functionals of
the DF,
ρ∗ = 4pi
∫
0
fv2d3v, (28)
P =
4pi
3
∫
0
fv4d3v, (29)
ρ∗Π = (3γ − 2) ρ∗U + 4pi
∫ (
0
fk +
2
fc2
)
v2d3v. (30)
We also require that the fields U , φ1, φ2, φ3, φ4, φ6,
X, U j and φw are all static, spherically symmetric and
well behaved throughout the space. As a consequence
of eqs. (10) and the assumption that the space-time is
asymptotically flat, the fields U j and φ1 can be written
as
U j =
Aj
r
, φ1 =
B
r
,
for Aj and B constants (we have introduced spherical
coordinates (r, θ, ϕ)). Since we require that the fields are
well behaved for all r, we have to choose Aj = 0 and
B = 0, in order to avoid the singularity at r = 0, which
means that U j = φ1 = 0. Now, from equation (12), we
have φ6 = 3φ1, leading to φ6 = 0.
Under such assumptions the field equations take a
much simpler form:
∇2U = −4piGρ∗, (31)
∇2X = 2U, (32)
∇2Ψ = (2β − 1− ζ2 − 6ξ) 4piGρ∗U
− (1 + ζ3) 4piGρ∗Π − (3γ + 3ζ4 − 2ξ) 4piGP
+ 4ξ
[
4piGρ∗
X,r
r
+ U,r
(
U,r +
3X,r
r2
− 2U
r
)]
, (33)
ΦPF = w2
[
(α3 − α1)U + α2X,r
r
]
+ α2 (w
r)
2
(
X,rr − X,r
r
)
, (34)
ΦPFr = −
1
2
α1wrU + α2w
rX,rr, (35)
ΦPFθ = −
1
2
α1wθU + rα2w
θX,r, (36)
ΦPFϕ = −
1
2
α1wϕU + α2w
ϕr sin2 θX,r. (37)
Note that the assumptions about symmetry’s configu-
ration (spherical, in our case) must be the same for the
fields U , X and Ψ , as a consequence of eqs. (31)-(33).
On the other hand, according to (34)-(37), the preferred
frame potentials,
(
ΦPF, ΦPFr , Φ
PF
θ , Φ
PF
ϕ
)
, are not necessar-
ily constrained to satisfy the same symmetry assumptions
of configuration. In fact, in our case all of them would
depend on the angular variables (θ, ϕ) for the case in
which α1 and α2 are non-vanishing and assumptions are
not made about the preferred frame velocity ~w.
In principle, by introducing a particular DF in (28)-
(30), we can determine the matter fields and, conse-
quently, solve the above equations to obtain the fields.
However it is convenient, at first, to take into account
some fundamental concepts about the orbits in spherical
models.
IV. ROTATION CURVES OUTSIDE A STATIC
SPHERICAL CONFIGURATION
Here we focus on the problem of circular motion re-
stricted to the equatorial plane (i.e. equatorial circular
orbits) of the configuration, in order to study the behav-
ior of rotation curves. In spherical coordinates, equato-
rial circular orbits satisfy θ = pi/2, r¨ = θ¨ = r˙ = θ˙ = 0
and the equations of motion (22) can be cast as
(ϕ˙)
2
∣∣∣
θ=pi2
= −1
r
[
U,r +
W,r
2c2
− 2γUU,r
c2
− (ΦPFr,ϕ − ΦPFϕ,r) √−rU,rrc2 − γr (U,r)2c2
]∣∣∣∣∣
θ=pi2
, (38)
1
c2r2
[W,θ
2
− (ΦPFθ,ϕ − ΦPFϕ,θ) ϕ˙]∣∣∣∣
θ=pi2
= 0, (39)
ϕ¨|θ=pi2 =
W,ϕ|θ=pi2
2c2r2
. (40)
In the derivation of the above relations we use the fact
that whenever (rϕ˙)
2
or rϕ˙ is accompanied by c−2 we can
substitute it, in accordance with the PPN order, by the
Newtonian value [38], i.e. (rϕ˙)
2
c−2 = −rU,rc−2.
It is important to note that equations (39)-(40) lead to
conditions on the existence of circular orbits, which can
be expressed by the following relations:
α2
c2r2
wz wr|θ=pi/2
(
X,r
r
−X,rr
)
= 0, (41)
6α2 w
ϕ|θ=pi/2X,rrr = −α1U,r
√−rU,r (42)
The first one of the above relations comes from (39), after
introducing the expressions forW and ΦPF in terms of X.
The second one comes from (40), in a similar fashion. An
interesting consequence of condition (41) is the restric-
tion of the values of some post-Newtonian parameters.
Since the term X,r/r − X,rr 6= 0 for all asymptotically
flat models (i.e. solutions so that limr→∞X,r = 0) and
assuming that conditions (41) and (42) must be satisfied
for all choices of ~w, we conclude that only theories with
α1 = α2 = 0 can guarantee the existence of equatorial cir-
cular orbits in static spherically symmetric configurations
with no divergent fields. In other words, only theories in
which the angular momentum is conserved globally (i.e.
so that α1 = α2 = 0 [46–48]) can admit equatorial cir-
cular orbits in spherical distributions. From here on we
focus on these cases.
Introducing the restriction α1 = α2 = 0 in the equation
(38) we obtain the following expression for the circular
velocity (i.e. the component vϕ = rϕ˙ for circular orbits
with θ = pi2 , which we denote shortly as vc):
vc =
√
−rU,r
[
1 +
α3w2
2c2
+
Ψ,r
c2U,r
− γrU,r
c2
− 2 (β + γ)U
c2
]
,
(43)
which will be used later to sketch the rotation curves for
different theories.
In order to investigate the behavior of circular velocity
away from a finite distribution, we first consider the case
in which the matter is concentrated inside a sphere of
radius a and mass M , and solve the field equations (31)-
(33) in the vacuum, i.e. when ρ∗ = P = ρ∗Π = 0 (r > a).
The expression for the fields U , X and Ψ can be cast as
U =
GM
r
, X = GMr +
C1
r
+ C2,
Ψ = −C3
r
+
ξGMC1
r4
,
where C1, C2 and C3 are constants to be determined from
boundary conditions. Introducing the above relations in
(43), we obtain the corresponding expression for circular
velocity:
vc =
√
GM
r
[
1 +
1
c2
(
A+
B
r
+
C
r3
)]
, (44)
where
A =
α3w
2
2
− C3
GM
, B = − (γ + 2β)GM,
C = 4ξC1. (45)
According to (44), circular velocity, for large values of
r, exhibits the usual Keplerian fall off, as in Newtonian
theory (i.e. proportional to 1/
√
r). Since most solutions,
when far away from the center, could be well approxi-
mated to vacuum, therefore (44) should be a good repre-
sentative of the asymptotic behavior of circular velocities
in the PPN approach.
No choice of the PPN parameters can lead to the flat-
tening of the rotation curves. Indeed, such statement is
also true for values of r close to the radius a of the mass
distribution. This can be easily verified by finding the
critic value of r where vc reaches its maximum. So, the
values of r for which vc is extreme (maximum or mini-
mum) satisfy the cubic equation(
1 +
A
c2
)
r3 +
2B
c2
r2 +
4C
c2
= 0. (46)
The value r = re for which vc reaches its maximum can
be cast as
r =
0
re +
l
re + ...,
where l is the highest order of c and is determined when
substituting in eq. (46). From eq. (46) one may verify
that
0
re = 0,
2
3
re =
(
4C
c2
)1/3
,
which means that re = (4C/c
2)1/3. Remembering that
C = 4ξC1 ∼ 4ξa3c2, we have,
re ∼ (−16ξ)1/3a a.
This means that there are no solutions of (46) in the
region r > a. Therefore dvc/dr < 0 for all r > a since
vc and its derivatives are continuous functions and the
latter is true for large r.
Now we will abandon the void and consider situations
in which some material content permeates the space, in
order to allow the possibility of obtaining a different be-
havior from the one captured by (44).
V. ROTATION CURVES INSIDE A STATIC
SPHERICAL CONFIGURATION
Let’s go back to the metric of equations (1)-(3). Note
that α1 = α2 = 0 if and only if gµν is spherically sym-
metric, i.e. g0j = 0, which is necessary for the existence
of circular orbits. Therefore we can use the results of
reference [3] to simplify the possible choices for a DF.
In such paper it was shown that when the space-time is
static, spherically symmetric, asymptotically flat and the
selfgravitating configuration is made of collisionless iden-
tical particles, the DF has the form f = ξ(E)L2(k−1),
where L is the angular momentum, k is an integer and
ξ(E) is some function of the energy E. This implies that
T θθ = kT
r
r, which can be applied here, since we are
adopting the same assumptions about space-time and
matter distribution. If we also assume that the system
7constitutes a perfect fluid (a basic assumption of the PPN
formalism), i.e. T θθ = T
r
r, we have to chose k = 1 and,
in consequence, f = f(E). This means that only ergodic
DFs are allowed when dealing with static spherical con-
figurations in the PPN formalism.
Here we consider the so-called Polytropes [11, 38],
which are, from the perspective of the mathematical form
of the DF, the simplest ergodic models of astrophysical
interest in galactic dynamics.
A. Polytropes in PPN approach
In Newtonian gravity, polytropes are spherical config-
urations defined by a DF of the form [11, 38]
f(E) =
{
An (−E)n−3/2 for E < 0
0 for E ≥ 0 , (47)
where An is a constant and n is a real number character-
izing the different models, usually known as polytropic
index, which is constrained by the condition n > 1/2.
Here we assume the same form (47) for selfgravitat-
ing configurations in metric theories, taking into account
that energy can be cast as E = EN + EPPN, where EN
is the Newtonian contribution and EPPN represents the
PPN correction, so that EN  EPPN (see appendix D).
These distributions will be called here as PPN polytropes.
The corresponding DF can be expanded (in a similar
fashion as done in [38], for the case of 1PN approxima-
tion) as the sum of a Newtonian contribution, of order 0
in , and a PPN contribution, of order 2 in :
f =
0
f +
2
f,
where we have introduced,
0
f = An (−EN)n−3/2 , (48)
2
f = −An
(
n− 3
2
)
EPPN (−EN)n−5/2 , (49)
for EN < 0 and EPPN < 0.
The above DF contributions determine ρ∗, P and Π
through equations (28)-(30). The integrals at the right
hand side of such equations must be limited to values of
velocity such that E < 0. This escape velocity, deter-
mined by condition E = 0, is given by
ve =
√
2U +
[
2Ψ + ΦPF − (4γ + 5)U2]
2c2
√
2U
, (50)
but, in order to obtain expressions up to first order in ,
it is sufficient to take ve =
√
2U in the limits of integra-
tion. So, by introducing (48), (49) and (50) in (28)-(30),
we find the matter fields for the PPN polytropes, as func-
tions of U , ψ and ΦPF:
ρ∗ = cnUn, (51)
P = cn
Un+1
n+ 1
, (52)
ρ∗Π = cnUn+1
[
3γ +
3
2
+
27
8 (n+ 1)
+ n
(
1
2
− β
)]
+ ncn
(
Ψ +
ΦPF
2
)
Un−1, (53)
where
cn = An (2pi)
3
2
Γ (n− 1/2)
Γ (1 + n)
.
Note that density ρ∗ and pressure P follow exactly the
same equations as their Newtonian counterparts, ensur-
ing that they satisfy the polytropic equation of state [11].
B. Field Equations for PPN Polytropes
Introducing (51)-(53) in the field equations (31)-(33),
we obtain the following system of second order differen-
tial equations:
1
r˜2
d
dr˜
(
r˜2
dU˜
dr˜
)
= −U˜n, (54)
1
r˜2
d
dr˜
(
r˜2
dX˜
dr˜
)
= 2U˜ , (55)
1
r˜2
d
dr˜
(
r˜2
dΨ˜
dr˜
)
= bn
U0
2
Ψ0
U˜n+1 − enU0
Ψ0
U˜n − dnΨ˜ U˜n−1
+ 4
U0
2
Ψ0
ξ
[
U˜n
r˜
dX˜
dr˜
+
dU˜
dr˜
(
dU˜
dr˜
+
3
r˜2
dX˜
dr˜
− 2U˜
r˜
)]
.
(56)
where U0 and Ψ0 are the values of U and Ψ at the center
of the configuration, respectively, and we have defined,
U˜ := U/U0, Ψ˜ := Ψ/Ψ0, X˜ := CnU0
n−2X, (57)
r˜ := r
√
CnU0
n−1, (58)
along with the constants
Cn = 4piGcn, dn = (1 + ζ3)n =
2en
α3w2
. (59)
bn = (2β − 1− ζ2 − 6ξ)− (3γ + 3ζ4 − 2ξ)
(n+ 1)
− (1 + ζ3)
[
3γ +
3
2
+
27
8 (n+ 1)
+
n
2
− βn
]
,(60)
8Equation (54) has simple analytic solutions for the
cases n = 0, 1, 5 [11, 38], being n = 5 the well known
case of Plummer model [11, 36–38]. For other values of
n, Eq. (54) requires a numerical solution. On the other
hand, equations (55) and (56) are much more compli-
cated, even in the cases n = 0, 1, 5, where U has analyti-
cal expression. However, as we will show in the following
subsection, one can find an asymptotic solution for large
r. In subsection V D we will obtain numerical solutions
for the system (54)-(56), by using the initial conditions
U˜ (0) = X˜ (0) = Ψ˜ (0) = 1, U˜ ′ (0) = X˜ ′ (0) = Ψ˜ ′ (0) = 0,
reflecting the assumption that U˜ , X˜ and Ψ˜ have maxi-
mum value in the center of the configuration.
Since parameter  can be regarded a representative of
the gravitational strength, we also assume that U0 = c
2,
Ψ0 = (U0)
2
and w = c, for numerical and asymptotic
solutions. For numerical solutions we consider only 0 ≤
 ≤ 0.15. Larger values of  may exceed the validity limit
of the PPN approximation.
On the other hand, we only accept solutions that re-
sult in an asymptotically flat space-time. Therefore any
solution leading to something different from
lim
r→∞ g00 = −1, limr→∞ gij = 1,
will be discarded, since it does not satisfy the basic as-
sumptions of the PPN approximation.
C. The Approximated Solution
In order to understand the importance of the contri-
bution of each of the parameters appearing in field equa-
tions, specially in relation with the behavior of solutions
far from the center of configuration, we consider here an
asymptotic solution of (55)-(56), based on the Plummer’s
polytrope (i.e. the case n = 5 of eq. (54) [11, 36, 37]),
U˜ =
1√
1 + r˜
2
3
. (61)
For large radius, r˜  √3, we have U˜ ≈ √3/r˜, which
means that, according to (55), we can write
dX˜
dr˜
≈
√
3, for r 
√
3,
which, in turn, implies that eq. (56) reduces to
d
dr˜
(
r˜2
dΨ˜
dr˜
)
+ 9d5
Ψ˜
r˜2
=
27 (b5 − 4ξ)
r˜4
− 9
√
3α3d5
2r˜3
+
24ξ
r˜2
,
for r˜  √3. The solution of the above equation can be
written as
Ψ˜ (r˜) = c1 cos
(
3
√
d5
r˜
)
− c2 sin
(
3
√
d5
r˜
)
−
√
3α3
2r˜
+
3 (b5 − 4ξ)
d5r˜2
− 2 (b5 − 4ξ)
3d5
2 +
8ξ
3d5
. (62)
Since we are interested in solutions consistent with the re-
quirement of asymptotically flat space-time, we demand
that lim
r˜→∞
Ψ˜ (r˜) = 0, leading to the following relation:
c1 =
2b5 − 8 (d5 + 1) ξ
3d5
2 .
On the other hand, c2 has to remain undetermined since
no other boundary condition can be applied here. Re-
gardless, one can extract additional information from the
corresponding expression for the velocity of circular or-
bits:
vc = c
√

√
3
r˜
{
1 + 
√
3
r˜
[
2 (b5 − 4ξ)
d5
− (γ + 2β)
]
−
√
3d5
[
c1 sin
(
3
√
d5
r˜
)
+ c2 cos
(
3
√
d5
r˜
)]}1/2
.
Note that the second term inside the brackets should
be insignificantly small, because it involves terms mul-
tiplied by 
√
3/r˜. Therefore it is only relevant to the
behavior of the curves the third term (c1 sin
(
3
√
d5/r˜
)
+
c2 cos
(
3
√
d5/r˜
)
). For large values of d5 the curves may
present significant modifications from the Newtonian
ones. One may even find, depending on the constants
c1 and c2, curves resembling flat rotation curves. Re-
membering that d5 = 5(1+ζ3) we conclude that the only
significant contributions will arise from positive values of
ζ3.
D. The Numerical Solution
To solve the field equations (54)-(56) for the entirety
of space we use a fourth order Runge-Kutta method. In
figures 1 and 2, we show numerical solutions for U˜ and
Ψ˜ for PPN Polytropes with politropic index n = 5, for
various values of the PPN parameters.
The behavior of the matter fields is shown in figures
3 and 4, through the effective density ρ˜ for each model,
defined as
ρ˜∗ =
−4piGT
(U0)
n
Cn
=
−4piGTµµ
(U0)
n
Cn
=
4piGρ∗
(U0)
n
Cn
{
1 +
1
c2
[Π − 3γU ]
}
− 12piGP
(U0)
n
Cn
= U˜n
(
1 +
nα3
2
)
+ nΨ˜U˜n−1
+ U˜n+1
[(
1
2
− β
)
n+
3
8(n+ 1)
+
3
2
]
.
The overall behavior turn out to be similar for other
politropic indexes and other combinations of the PPN
parameters.
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Figure 1: We present the gravitational fields U˜ and Ψ˜ for
a politropic model with n = 5 for fully conservative theo-
ries (ζ1 = ζ2 = ζ3 = ζ4 = α3 = 0). The top figures are for β
different from 1, the central ones for γ different from 1 and
the lowest are for a ξ different from 0. The continuous line
represents U˜ and the traced one Ψ˜ .
E. The PPN corrections to the rotation curves
With the solutions at hand, we sketch the rotation
curves for a polytropic model with index n = 5 for sev-
eral values of the PPN parameters (see figures 5 and 6).
The rotation curves for n 6= 5 are either similar to the
ones of n = 5 or have unphysical properties.
Although we only present some choices for the PPN
parameters (it is not easy to develop a systematic ap-
proach to test all possible combination of values for the
PPN parameters) it is reasonable to conclude, from the
curves we presented, Figs. 5 and 6, that only the ones
with ζ3 > 0 have some resemblance to flattened curves
(as expected from the analysis of the asymptotic solution
of previous section). The outcome corresponding to other
combinations, including other politropes with n 6= 5, are
alike Figs. 5 and 6. In particular, the curves with ζ3 = 2
present some flat behavior, but have lower values of ve-
locity than the Newtonian one (except at some critical
value around r˜ = 6). So, for this model to be a plausi-
ble explanation of the rotation curves of galaxies, it must
have less mass than the Newtonian one. This can be seen
by comparing the density of mass ρ with the trace of the
stress-energy tensor −T = −Tµµ. This is shown in Fig.
4 and we note that −T falls much faster, with the ra-
dius, than the density of mass, therefore explaining why
the rotation curves for the PPN have a lower first local
maximum value of velocity and much sooner than the
Newtonian one. This means that a theory with ζ3 > 0
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Figure 2: We present the gravitational fields U˜ and Ψ˜ for a
politropic model with n = 5 for non-conservative theories.
For simplicity, here we consider γ = β = 1 and ξ = 0. From
top to bottom, we alternate α3, ζ1, ζ2 and ζ3 to be different
form 0, respectively. The continuous line represents U˜ and
the traced one Ψ˜ .
does present some interesting corrections to the rotation
curves. But, as it should be, the usual Keplerian falloff
is still found for r˜ > 10.
On the other hand, we note that choices involving ζ3 ≤
0 (even for high values of the parameter  and other exotic
choices), have the same behavior than the Newtonian
models far from the center of the configuration.
VI. CONCLUSION
In this paper, the rotation curves of static spherically
symmetric models were studied in the framework of the
PPN approximation. We first started addressing vacuum
solutions and later we focus on politropic models (see [38]
for a similar approach in the post-Newtonian context).
When the matter fields, endowed with spherical sym-
metry, are assumed static one can readily notice that
the PPN metric is not necessarily spherically symmetric
(a direct consequence of the preferred frame potentials).
Therefore, circular orbits will only exist if and only if
the parameters α1 and α2 are null. This means, as their
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Figure 3: We present the effective density ρ˜∗ for a poly-
topic model with index n = 5 for fully conservative theories
(ζ1 = ζ2 = ζ3 = ζ4 = α3 = 0). The top figures are for β differ-
ent from 1, the middle ones for γ different from 1 and the lower
ones for ξ different from 0. The continuous line represents the
Newtonian curve and the dotted, dashed and dash-dotted are
PPN curves with  = 0.05,  = 0.1 and  = 0.15, respectively.
heuristic meaning imply, that we excluded the effects of
non-conservation of global angular momenta of the PPN
scheme. For all calculations that followed Sec. IV we
assumed α1 = α2 = 0.
As a first setup for testing the circular orbits in the
PPN approach, we solved field eqs. (31)-(33) in vacuum
outside some static spherically symmetrical distribution
of matter of finite radius and presented, to PPN order,
the velocity of circular orbits (eq. (44)). We argued that
independently of the choice of the PPN parameters such
solution can not lead to flat curves. Our argument is
based on the simple property that, to PPN order, such
solutions have necessarily dv/dr < 0 for all r > a. There-
fore a Keplerian falloff, similar to the ones found in New-
tonian gravity, will still be observed in this description of
gravity.
To construct astrophysical models, when matter fields
are present, we applied a statistical description, follow-
ing the assumptions of Subsec. II A. In such cases, the
system is fully described by a DF that satisfy the CBE,
which in the context of the PPN approximation takes the
form of eq. (24). In statical spherical models the previ-
ous assumptions and the results of Subsec. IV implies
(see Subsec. V) that the DF must be a function of only
the energy like integral of motion. The Politropes are
a family of models whose DF is a particular case that
satisfy the previously stated requirement. In the context
of the PNP approach, the Politropes can be constructed
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Figure 4: We present the effective density ρ˜∗ for a polytopic
model with index n = 5 for non-conservative theories, here
we regard the parameters γ = β = 1 and ξ = 0. From top to
bottom, we take alternatively α3, ζ1, ζ2 and ζ3 different from
0, respectively. The continuous line represents the Newtonian
curve and the dotted, dashed and dash-dotted are PPN curves
with  = 0.05,  = 0.1 and  = 0.15, respectively.
by a simple extension of their Newtonian DF, this leads
to the complete specification of the matter fields. There-
fore one can determine all the gravitational fields from
(54)-(56).
To solve eqs. (54)-(56) we employed: I) approximated
methods (Sec. V C); II) numerical techniques (Sec. V D).
In V C, we solved approximately the field equations (for
n = 5) when the radius is much larger than a character-
istic radius of the model (r˜  √3). The approximation
had the setback of not providing proper boundary condi-
tions, but the velocity of circular orbits did present some
terms with behavior different from the Newtonian solu-
tion. From the approximated solutions we observed that
the larger modifications will generally come from large
values of the parameter ζ3. But to be certain, since we
lack proper boundary conditions, one needs the solution
for the entirety of space, which can only be achieved by
a numerical route.
Using numerical techniques (fourth order Runge-Kutta
method) we were able to find the gravitational and mat-
ter fields for all choices of parameters, Figs. 1, 2, 3 and 4.
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Figure 5: We present the rotation curves
(
v˜ϕ = vϕ/
√
U0
)
for
a polytropic model with index n = 5 for fully conservative
theories (ζ1 = ζ2 = ζ3 = ζ4 = α3 = 0). The top figures are for
β different from 1, the middle ones for γ different from 1
and the lower ones for ξ different from 0. The continuous
line represents the Newtonian curve and the dotted, dashed
and dash-dotted are PPN curves with  = 0.05,  = 0.1 and
 = 0.15, respectively.
In Figs. 5 and 6 we present the rotation curves for several
values of the Post-Newtonian parameters, and concluded
that many of the choices lead to trivial corrections to
the rotation curves, sometimes leading to smaller values
of the circular velocities or an even higher descent rate,
with the radius, then the Newtonian models.
There was a single choice of the parameters that lead
to different behavior. By choosing ζ3 > 0 we found some
flat rotation curves and with the hassle of lower values
of circular velocity. But by analyzing the effective den-
sity (−T ) we realize this should be expected, since the
amount of matter in this model is significantly less than
in its Newtonian counterpart. Therefore a theory with
ζ3 > 0, as far as our analysis goes, does present interest-
ing modifications to the Keplerian behavior. All other
choices of the parameters comes short in explaining the
rotation curves of galaxies. Since only one of the pa-
rameters presents real significance one may conclude that
gravity theories compatible with the PPN scheme are not
very successful as alternatives to the dark matter hypoth-
esis in galactic dynamics.
Here, we do not claim that the PPN approach con-
tains all the potentials needed to describe theories with
SM. In [10, 54, 55] was already shown that the param-
eterized version of the Vainshteinian screening requires
more potentials (which describes the effects of the mech-
anism). In this paper, we only considered the poten-
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Figure 6: We present the rotation curves
(
v˜ϕ = vϕ/
√
U0
)
for
a polytropic model with index n = 5 for non-conservative the-
ories, here we regard the parameters γ = β = 1 and ξ = 0.
From top to bottom, we take alternatively α3, ζ1, ζ2 and ζ3
different from 0, respectively. The continuous line represents
the Newtonian curve and the dotted, dashed and dash-dotted
are PPN curves with  = 0.05,  = 0.1 and  = 0.15, respec-
tively.
tials present in the standard PPN approach, we excluded
the Vainshteinian ones (or from other SMs) that may
emerge from a more complete formalism. But it is to
be expected that for r  rv the approximation should
be equivalent to the PPN approaximation. Nonetheless,
we recognize that all theories (with or without a SM)
have, at least, some of the standard PPN potentials.
Even though the work by Avilez-Lopez et al. [10], and
the further extensions by [54, 55], does outline the main
ideas for constructing the PPNV (Parametrized Post-
Newtonian Vainshteinian) formalism, we will leave the
complete analysis of this problem for when the Post-
Newtonian expansion of theories with SMs are better un-
derstood.
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Appendix A: Derivation of the Field Equations
Expressions (10) and (11) are easily determined from
their integral forms (see [47]). But this is not the case for
expressions (12) and (13), they require more attention.
In this section we present a derivation of the field equa-
tions (12) and (13) from the integral forms found in ref-
erence [47].
Derivation of the Field Equation for φ6
Starting from the integral form of φ6 [47]:
φ6 = G
∫
ρ∗
′
u′ju′k
(x− x′)j (x− x′)k
|x− x′|3 d
3x′
= −G
∫
ρ∗
′ [
u′ · (x− x′)u′ · ∇|x− x′|−1
]
d3x′.
We want to reduce this to its differential form, to remove
the integral we take the laplacian of the integral form,
leading to:
∇2φ6 = −G
∫
ρ∗
′[
3u24piδ (x− x′)+2 (u′ · ∇)2 |x− x′|−1
− 4pi (u′ · ∇)u′ · (x− x′) δ (x− x′) ]d3x′,
which follows from
∇2
[
u′ · (x− x′)u′ · ∇|x− x′|−1
]
=
3u24piδ (x− x′) + 2 (u′ · ∇)2 |x− x′|−1
− 4pi (u′ · ∇)u′ · (x− x′) δ (x− x′) .
From this it’s straightforward to show that
∇2φ6 = 3∇2φ1 − 2G
∫
ρ∗
′
(u′ · ∇)2
(
1
|x− x′|
)
d3x′
= 3∇2φ1 − 2G∂ij
∫
ρ∗
′
ui
′
uj
′
|x− x′| d
3x′.
The Laplacian of the previous expression results in
(12).
Derivation of the Field Equation for φw
The integral form of φw can be presented in different
forms [47]. Here, we start from the identity, see [47],
φw = −U2 − φ2 −∇U · ∇X +G∇ ·
∫
ρ∗
′
|x− x′|∇
′X ′d3x′.
Again, we wish to reduce this to a partial differential
equation. To achieve this we start from the laplacian of
the previous expression, resulting in:
∇2φw = −∇2U2 −∇2φ2 −∇2 (∇U · ∇X)
+G∇2
(
∇ ·
∫
ρ∗
′
|x− x′|∇
′X ′d3x′
)
. (A1)
Now the identities,
∇2 (∇U · ∇X) = 2U,ijX,ij + 2∇U · ∇U − 4piG∇X · ∇ρ∗,
∇2U2 = 2∇2φ2 + 2∇U · ∇U,
G∇2
(
∇ ·
∫
ρ∗
′
|x− x′|∇
′X ′d3x′
)
= 2∇2φ2−4piG∇X·∇ρ∗,
can be substituted in (A1), which implies in:
∇2φw = −2∇2U2 + 3∇2φ2 − 2U,ijX,ij ,
this is exactly (13).
Appendix B: A derivation of eq. (24)
Take the map
(
xµ, V i
)→ (xµ, vi (xµ, V i)), where
vi :=
dxi
dt
=
cV i
V 0 (xµ, V i)
, (B1)
and rewrite (23) in the new variables
(
xµ, vi
)
, then the
partial derivatives of f are expressed as(
∂f
∂xµ
)
V i
=
(
∂f
∂xµ
)
vi
+
(
∂f
∂vi
)
xµ
(
∂vi
∂xµ
)
V i
,
(
∂f
∂V j
)
xµ
=
(
∂f
∂vi
)
xµ
(
∂vi
∂V j
)
xµ
.
A straightforward calculation, using eq. (B1), lead us to
express (
∂vi
∂xµ
)
V i
=
−cV i
(V 0)
2
(
∂V 0
∂xµ
)
V i
, (B2)
(
∂vi
∂V j
)
xµ
=
c
V 0
[
δij − V
i
V 0
(
∂V 0
∂V j
)
xµ
]
. (B3)
Now f , as defined, represent the probability density of
a single massive particle, therefore the possible values V µ
can take is restricted to the positive light cone, where the
shell condition holds:
gµνV
µV ν = −c2, (B4)
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also V 0 > 0. This restriction completely defines V 0 in
terms of
(
xµ, V i
)
or
(
xµ, vi
)
, which to PPN order can be
expressed by
V 0 = c
{
1 +
U
c2
+
W
2c4
+
Qjvj
c4
+
3v4
8c4
+
3U2
2c4
+
[
1 +
(2γ + 3)U
c2
]
v2
2c2
+O
(
c−6
)}
,
also one can determine, from the latter and (B1), V i as
an expression of (xµ, vi).
Some straightforward calculations determines the
right-hand side of (B2) and (B3) only in terms of the
new variables (xµ, vi) and to PPN order, as follows:(
∂vi
∂xµ
)
V k
= −viU,µ
c2
,
(
∂vi
∂V j
)
xµ
=
(
1− U
c2
− v
2
2c2
)
δij −
vivj
c2
.
With all these results in mind we can determine each
term of the Vlasov equation in terms of (xµ, vi) to PPN
order:
V 0
c
(
∂f
∂t
+
∂f
∂vi
∂vi
∂t
)
=
[
1 +
U
c2
+
v2
2c2
]
∂f
∂t
− vi ∂f
∂vi
U,t
c2
,
V i
(
∂f
∂xi
+
∂f
∂vj
∂vj
∂xi
)
= vi
[
1 +
U
c2
+
v2
2c2
]
∂f
∂xi
− vivj ∂f
∂vj
U,i
c2
,
Γ j00V
0V 0
∂f
∂vi
∂vi
∂V j
=
∂f
∂vi
{
−1
2
W,i
c2
+
Qi,t
c2
+
2γ
c2
UU,i
−U,i
(
1 +
U
c2
+
v2
2c2
)
+ U,j
vivj
c2
}
,
Γ jl0V
lV 0
∂f
∂vi
∂vi
∂V j
=
1
2c2
[Qj,l + 2γU,tδlj −Ql,j ] vl ∂f
∂vj
,
Γ jlpV
lV p
∂f
∂vi
∂vi
∂V j
= γ [U,lδjp + U,pδjl − U,jδlp] v
lvp
c2
∂f
∂vj
.
Substituting each of these expressions in eq. (23) we
find the Vlasov equation to PPN order:[
1 +
U
c2
+
v2
2c2
](
∂f
∂t
+ vi
∂f
∂xi
)
+ U,i
∂f
∂vi
− ∂f
∂vi
vi
c2
U,t (1 + 2γ)− ∂f
∂vi
vivj
c2
U,j (2 + 2γ)
− ∂f
∂vi
{
−1
2
W,i
c2
+
Qi,t
c2
+
2γ − 1
c2
UU,i
}
− [Qj,l −Ql,j ] v
l
c2
∂f
∂vj
+
(
γ +
1
2
)
U,j
v2
c2
∂f
∂vj
= 0,
which is exactly eq. (24).
Appendix C: Derivation of the conditions (41) and
(42)
We start from eq. (39) and calculate each term,
W,θ|θ=pi2 = 2α2
(
X,rr − X,r
r
)
(wrwr,θ)|θ=pi2
= −2α2
(
X,rr − X,r
r
)
wz wr|θ=pi2 ,
ΦPFθ,ϕ
∣∣
θ=pi2
=
(
α2
X,r
r
− α1
2
U
)
wθ,ϕ|θ=pi2 = 0,
ΦPFϕ,θ
∣∣
θ=pi2
=
(
α2
X,r
r
− α1
2
U
)
wϕ,θ|θ=pi2 = 0.
Therefore substituting the previous results in eq. (39)
we find condition (41).
The next condition (42) we find by comparing eq. (38)
with (40). First we take the derivative with time (t) of
eq. (38):
ϕ¨|θ=pi2 =
1
2
[(
ΦPFr,ϕϕ − ΦPFϕ,rϕ
) √−rU,r
r2c2
− W,rϕ
2rc2
]∣∣∣∣∣
θ=pi2
.
(C1)
Now calculate each term of eq. (C1) and eq. (40), leading
to the following:
ΦPFr,ϕϕ
∣∣
θ=pi2
=
(
α2
X,r
r
− α1
2
U
)
wr,ϕϕ|θ=pi2
= −
(
α2
X,r
r
− α1
2
U
)
wr|θ=pi2 ,
ΦPFϕ,rϕ
∣∣
θ=pi2
=
(
α2X,r − α1
2
rU
)
,r
(wϕ
r
)
,ϕ
∣∣∣∣
θ=pi2
= −
(
α2X,rr − α1
2
U − α1
2
rU,r
)
wr|θ=pi2 ,
W,ϕ|θ=pi2 = 2α2
(
X,rr − X,r
r
)
(wrwr,ϕ)|θ=pi2
= 2α2
(
X,rr − X,r
r
) (
wr
wϕ
r
)∣∣∣
θ=pi2
,
W,rϕ|θ=pi2 = 2α2
(
X,rrr − X,rr
r
+
X,r
r2
) (
wr
wϕ
r
)∣∣∣
θ=pi2
.
Since (C1)=(40) we must have[(
ΦPFr,ϕϕ − ΦPFϕ,rϕ
)√−rU,r − rW,rϕ
2
]∣∣∣∣
θ=pi2
= W,ϕ|θ=pi2 ,
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now substitute the previous results to find:(
α2X,rr − α2X,r
r
− α1
2
rU,r
)√−rU,r wr|θ=pi2
− α2rX,rrr
(
wr
wϕ
r
)∣∣∣
θ=pi2
= α2
(
X,rr − X,r
r
) (
wr
wϕ
r
)∣∣∣
θ=pi2
,
here the choice of ~w shouldn’t influence the result, there-
fore by employing condition (41) in the previous expres-
sion we find
α2 w
ϕ|θ=pi/2X,rrr = −α1U,r
√−rU,r,
which is exactly (42).
Appendix D: Energy like integral of motion
In Sect. V we show that, for the situations analyzed
here, it is sufficient to consider DFs depending only on
energy. Therefore we need to determine an expression for
the conserved energy in the PPN formalism. To do so we
follow the same procedure used in [38], which consist of
starting from the Lagrangian,
L = 1
2
gµνV
µV ν ,
which, for the PPN metric (1)-(3), takes the form
L = m
2c2
2
[(
−1 + 2U
c2
+
W
c4
)
t˙2
+
(
1 +
2γU
c2
)
δij
V iV j
c2
]
. (D1)
where t˙ = dx0/dτ . Since the metric does not depend on
x0, then ∂L/∂t˙ must be a conserved quantity.
By defining the energy to be, [38],
E := − 1
m2
∂L
∂t˙
− c2,
we find, to the order of the PPN, that E can be cast as
E = EN + EPPN,
where EN represents the Newtonian expression for the
energy,
EN = −U + v
2
2
,
and EPPN is the PPN correction
EPPN =
(
γ +
1
2
)
Uv2
c2
− Ψ
c2
−
(
1
2
− β
)
U2
c2
− Φ
PF
2c2
+
3v4
8c2
.
As it is usual, one can assume that EN  EPPN.
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